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HISTORICAL PERSPECTIVE 

FORTH was created by Mr. Charles H. Moore in 
1969 at the National Radio Astronomy Observatory, 
Charlottesville, VA. It was created out of dissatisfaction 
with available programming toots, especially for obser- 
vatory automation. 

Mr. Moore and several associates formed FORTH, 
Inc. in 1973 for the purpose of licensing and support of 
the FORTH Operating System and Programming Lan- 
guage, and to supply application programming to meet 
customers’ unique requirements. 

The Forth Interest Group is centered in Northern 
California, although our membership of 2,000 is world- 
wide. It was formed in 1978 by FORTH programmers to 
encourage use of the language by the interchange of 
ideas through seminars and publications. 

PUBLISHER’S COLUMN 

We’re deep into the planning and arrangements for 
the FIG Convention and the FOAML Conference. If you 
haven’t made your reservations, call right away, we 
might be able to get you into the FORML Conference or 
the Convention Banquet. Plan on coming to the Con- 
vention anyway. Remember the dates and places :re. 

FORML Conference, November 26.27,8 28 
Asilomar, CA 

FIG Convention, November 29 
Villa Hotel, San Mateo, CA 

The other big news! FORTH-79 STANDARD is 
available!!! Call (41 5) 962-8653 or send in your order, 
today! $1 O.OO! 

Many publications are printing information about 
FORTH. We don’t get them all, so please send in copies 
so we can thank the editors and add to our collection. 

FIG had a booth at the Mini/Micro show and much 
interest was generated among attendees which carried 
over into a number of manufacturers that were exhibit- 
ing. 

Membership is fast approaching 2,000. We now 
have members all over the world including the People’s 
Republic of China and Yugoslavia. See the listings of 
meetings for information about how you can form a FIG 
chapter. Just a few easy steps and you’ll have a time 
and place to share information. 

Look forward to seeing everyone at the FORML 
Conference and the FIG Convention. 

Roy Martens 
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BALANCED TREE 
DELETION IN FASL 

Douglas H .  Cur r i e ,  J r .  
Nashua, NH 

Abstract  

FAS L ( Func t iona 1 Automat ion  
Systems Language) i s  a d e r i v a t i v e  of 
FORTH con ta in ing  s i g n i f i c a n t  modifi- 
c a t i o n s .  This paper d i s c u s s e s  one of 
t h e s e ,  t he  FASL t r e e ,  an implementa- 
t i o n  of  t h e  AVL (he igh t  balanced) 
t r e e .  FASL t r e e s  a r e  a d a t a  type of 
t h e  language, and are used i n  t h e  
implementation of the d i c t i o n a r y .  An 
algori thm f o r  d e l e t i o n  i n  FASL trees 
i s  p re sen ted ,  as w e l l  a s  a FASL 
program t o  implement t h e  algori thm. 

Kev Words and Phrases  

d e l e t i o n ,  height-balanced trees,  
binary t r e e s ,  s ea rch  trees,  FORTH. 

CR Categories  

3 . 7 ,  4.10, 4.20, 4 . 3 4 ,  5 .25 ,  5 .31  

guaranteed worst ca se  performance of 
f a r  less than a mil l isecond even i n  
f a i r l y  l a r g e  (over  f i v e  hundred node) 
trees.  

In  FUNCTIONAL* systems, FASL t r e e s  
are used i n  a l i n e  e d i t o r ,  d a t a  s t o r -  
age d i r e c t o r i e s ,  FACT (a t r u t h  t a b l e  
compi l e r ) ,  message rou t ing  t a b l e s ,  
microcomputer assemblers ,  a s  wel l  a s  
t h e  FASL d i c t i o n a r y .  A gene ra l  pur- 
pose microassembler uses  a balanced 
t r e e  ( f i e l d s )  of balanced t r e e s  (con- 
t e n t s )  t o  d e s c r i b e  the  t a r g e t  micro- 
i n s t r u c t i o n .  The use of mul t ip l e  
t r e e s  a l lows i d e n t i c a l  keys in 
d i f f e r e n t  con tex t s  ( e . g . ,  l a b e l  names 
and macro names). 

The height-balanced t r e e  was f i r s t  
proposed by two Russian mathemati- 
c i a n s ,  G.  M. Adel 'son-Vel 'skiy and E .  
M. Landis i n  1962 (hence - AVL t r e e ) .  
The i d e a  i s  t o  maintain a binary t r e e  
so t h a t  t h e  he igh t  of t h e  s u b t r e e s  a t  
any node d i f f e r  by a t  most one. The 
technique i n c u r s  a pena l ty  of only 
two e x t r a  b i t s  p e r  node (FASL uses  an 
8 -b i t  b y t e ) ,  and makes i t  p o s s i b l e  t o  
sea rch  f o r ,  i n s e r t ,  o r  d e l e t e  a node 
wi th  a worst case of O(1og N )  opera- 
t i o n s  (where N i s  t he  number of 
nodes) .  

In t roduc t ion  t o  Height-Balanced Trees 
In t roduc t ion  t o  FASL Trees  

The use of  balanced trees h a s  
become almost commonplace i n  d a t a  
base management, and is see ing  l i m i t e d  
use i n  symbol t a b l e s .  Many systems 
would b e n e f i t  from t h e  use of balanced 
trees, but t h e i r  des igne r s  could n o t  
a f f o r d  the t i m e  t o  develop t h e  algo- 
r i thms.  A c a s e  i n  po in t  i s  t h e  
e x t e n s i v e  use of hashing i n  "high- 
speed" microcomputer assemblers.  . 
Hashing techniques have s i g n i f i c a n t l y  
improved t h e  performance of many 
assemblers ,  but a n a l y s i s  of t h e s e  
r o u t i n e s  shows a b e s t  case perfor-  
mance on the  o rde r  of s e v e r a l  m i l l i -  
seconds (due t o  t h e  i n e f f i c i e n c y  of  
d i v i s i o n ,  o r  pseudo-random number 
gene ra t ion  on microprocessors) .  FASL 
trees, on the  o t h e r  hand, have a 

Algorithms f o r  search and in se r -  
t i o n  i n  AVL t r e e s  are presented by 
Knuth (The A r t  of Computer Program- 
ming, Vol. 3, Sec t ion  6.2.3); t hese  
two a lgo r i thms  were implemented i n  
machine code and ( a long  wi th  I n d i r e c t  
Threaded Code) became t h e  b a s i s  f o r  
PASL. The d e l e t i o n  a lgo r i thm was not 
implemented a t  t h i s  time f o r  two 
primary reasons: Knuth d i d n ' t  g ive  
it, FASL d i d n ' t  "need" i t .  De le t ions  
occur much more r a r e l y  than inser- 
t i o n s  o r  s ea rches ;  FASL l i v e d  f o r  
over  a year  w i t h  no d e l e t e  ope ra t ion .  

*Functional Automation Could Inc. 
3 Graham Drive 
Nashua, NH 03060 
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For  example, when a f i l e  was d e l e t e d  
from a FASL d i r e c t o r y ,  t h e  e n t i r e  
d i r e c t o r y  was r e c o n s t r u c t e d  wi thou t  
t h e  " d e l e t e d "  node. The time p e n a l t y  
i n c u r r e d  was not  s i g n i f i c a n t  because  
d i r e c t o r i e s  a r e  sma l l  ( f o r  FASL 
t r e e s ) ,  and had t o  be copied  anyway 
t o  be s e n t  t o  t h e  d i s k .  (FASL l i v e s  
i n  a message envi roment .  The d i s k  is 
i n  a n o t h e r  Cyblok*). 

A f t e r  a n  overview of FASL t r e e s  
and t h e i r  u s e ,  t h e  remainder  of t h i s  
paper  w i l l  d e a l  w i t h  t h e  development 
of a FASL t r ee  d e l e t i o n  pragram i n  
FASL. For an i n t r o d u c t i o n  t o  b i n a r y  
s e a r c h  t rees ,  see Knuth (The A r t  of  
Computer Programming, Vol. 3) .  

FASL t rees  a r e  composed of a number 
of s i x t e e n  byte  nodes ( s e e  Figure 1). 
The t r ee  i s  i d e n t i f i e d  w i t h  t h e  
a d d r e s s  of i t s  head node. From t h e  
head node w e  may f i n d  t h e  r o o t  node, 
and thus  t h e  e n t i r e  t ree .  The head 
node c o n t a i n s  a p o i n t e r  t o  i t s  r o o t  
node, a p o i n t e r  t o  i t s  a v a i l a b l e  nodes 
l i s t ,  and a n  i n t e g e r  which i s  t h e  
t ree  ' s he igh  t . 

A l l  nodes o t h e r  t h a n  t h e  head node 
c o n t a i n  a n  e i g h t  by te  key,  a l e f t  
l i n k ,  a r i g h t  l i n k ,  a one byte  ba l ance  
f a c t o r ,  and t h r e e  uncommitted by te s .  
The key i s  used t o  a c c e s s  t h e  node. 
Given a key ,  t h e  s e a r c h  r o u t i n e  
compares i t  t o  the  key a t  t h e  r o o t  
node. I f  i t  is less, t h e  s e a r c h  
c o n t i n u e s  w i t h  t h e  node i d e n t i f i e d  
(po in ted  t o )  by t h e  l e f t  l i n k .  I f  i t  
is  g r e a t e r ,  t h e  s e a r c h  c o n t i n u e s  w i t h  
t h e  node i d e n t i f i e d  by t h e  r i g h t  l i n k .  
The s e a r c h  t e r m i n a t e s  when it  matches 
t h e  key ( s u c c e s s ) ,  o r  r eaches  a n u l l  
l i n k  ( f a i l u r e ) .  The n u l l  l i n k  is 
r e p r e s e n t e d  by ze ro .  The ba lance  
f a c t o r  i s  t h e  h e i g h t  of t h e  r i g h t  
s u b t r e e  minus t h e  h e i g h t  of  t h e  l e f t  
s u b t r e e .  The i n s e r t i o n  r o u t i n e  a lways  
l e a v e s  t h e  tree ba lanced ,  i .e.,  t h e  

"Cyblok is a r e g i s t e r e d  t rademark of 
Func t iona l  Automation/Gould Inc.  

ba l ance  f a c t o r  is always minus one ,  
z e r o ,  or p l u s  one. 

I- 

* € I D  
:onmi 

I '  I 

' :Cult  1 

The i n s e r t i o n  r o u t i n e  o b t a i n s  new 
nodes from t h e  f r e e  nodes l i s t .  T h i s  
l i s t  is simply a number of  nodes 
l i n k e d  w i t h  t h e i r  r i g h t  l i n k s .  A 
n u l l  r i g h t  l i n k  i n d i c a t e s  t h e  end of 
t h e  f r e e  nodes l i s t .  When t h e  inser- 
t i o n  r o u t i n e  needs  a f r e e  node, i t  
o b t a i n s  i t s  a d d r e s s  from t h e  f r e e  
nodes l i s t  p o i n t e r  i n  t h e  head node, 
and r e p l a c e s  i t  w i t h  t h e  r i g h t  l i n k  
of t h a t  node. I f  t h e  f r e e  nodes l i s t  
p o i n t e r  i s  n u l l ,  t hen  t h e  tree i s  
f u l l .  

The t echn ique  used  by t h e  i n s e r t i o n  
r o u t i n e  t o  m a i n t a i n  tree ba lance  i s  
e s s e n t i a l l y  t h e  same as f o r  d e l e t i o n .  
B a s i c a l l y ,  f o u r  cases arise i n  inser- 
t i o n  when t h e  tree must be reba lanced:  
s ing le  or double  r o t a t i o n ,  l e f t  o r  
r i g h t .  The d i s c u s s i o n  i s  postponed 
u n t i l  t h e  s e c t i o n  on d e l e t i o n .  
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To g e t  a f e e l i n g  f o r  t h e  e f f i c i e n c y  
of FASL t r e e s ,  c o n s i d e r  a d i c t i o n a r y  
of  f i v e  hundred nodes.  I f  t h i s  d i c -  
t i o n a r y  was s t o r e d  a s  a l i n k e d  l i s t ,  
a wors t  c a s e  a c c e s s  time of f i v e  hun- 
dred  compares would be i n c u r r e d ,  w i t h  
an ave rage  a c c e s s  time of two hundred 
f i f t y  compares.  S t o r e d  a s  a FASL 
t r e e ,  t h i s  d i c t i o n a r y  h a s  a wors t  case 
a c c e s s  t i m e  of n i n e  compares ,  a n  
average  of e i g h t .  The numbers become 
even more conv inc ing  a s  t h e  d i c t i o n a r y  
grows i n  s i z e .  

FASL Tree ODerat ions 

FASL p r o v i d e s  o p e r a t i o n s  f o r  cre- 
a t  i n g  t r e e s ,  i n s e r t i n g  and s e a r c h i n g  
f o r  nodes ,  and a c c e s s i n g  t h e  uncom- 
m i t t e d  d a t a  i n  a node. For  example,  
t he  FASL t e x t  

100 TREE SYMBOLS 

c r e a t e s  a t r ee  named SYMBOLS w l t h  t w o  
hundred f i f t y - s i x  a v a i l a b l e  nodes  ( t h e  
r a d i x  i s  hexadec imal ) .  Assuming t h e r e  
i s  a s t r i n g  of t e x t  i n  a n  a r e a  named 
PAD which i s  t o  be used a s  a key t o  
a c c e s s  t h e  t r e e ,  

PAD SYMBOLS LEAF 

i n s e r t s  a node i n  t h e  tree SYMBOLS 
wi th  t h i s  key .  LEAF l e a v e s  a boolean  
f l a g  on t h e  s t a c k  t o  i n d i c a t e  s u c c e s s  
o r  f a i l u r e ,  and i f  s u c c e s s f u l  l e a v e s  
t h e  a d d r e s s  of  t h e  new node on t h e  
s t a c k  under  t h e  boolean.  

Usua l ly ,  new nodes are i n i t i a l i z e d  
wi th  some d a t a .  The f o l l o w i n g  FASL 
t e x t  w i l l  i n s e r t  a node w i t h  t h e  key 
i n  PAD ( a s  above ) ,  and i n i t i a l i z e  i t s  
uncommitted b y t e s  w i t h  c o n s t a n t s :  

12  3456 PAD SYMBOLS LEAF 
I F  F#! 
ELSE DROP2 F I  

L a t e r ,  t h e  d a t a  may be r e t r i e v e d  
o n t o  t h e  s t a c k  as f o l l o w s :  

PAD SYMBOLS FIND 
I F  F#@ 
ELSE FAIL F A I L  F I  

I f  t h e  s t r i n g  i n  PAD is  t h e  same a s  
was used  i n  t h e  p reced ing  example t o  
i n s e r t  t h e  node,  t h e n  t h e  d a t a  re- 
t r i e v e d  w i l l  be 12 3456. If a n o t h e r  
s t r i n g  i s  i n  PAD, t hen  t h e  d a t a  
r e t r i e v e d  w i l l  be 00 0000, u n l e s s  a 
node h a s  been i n s e r t e d  wi th  t h i s  
s t r i n g  as  a key ,  i n  which c a s e  t h e  
d a t a  a s s o c i a t e d  wi th  t h i s  node w i l l  
be r e t r i e v e d .  

From t h e  example,  i t  should  be 
clear how t o  u s e  t h e  FASL t rees  f o r  a 
symbol t a b l e  for an  assembler .  Text  
i s  r e a d  t o  PAD u n t i l  a d e l i m i t e r ,  and 
t h e n  i n s e r t e d  i n  t h e  tree.  I n  t h e  
case of  l a b e l s ,  t h e  node would be 
i n i t i a l i z e d  w i t h  t h e  c u r r e n t  pseudoPC, 
and a f l a g  b y t e  t o  i n d i c a t e  " l a b e l . "  
If t h e  i n s e r t e d  t e x t  was a macro name, 
t h e  node might be i n i t i a l i z e d  wi th  a 
p o i n t e r  t o  t h e  macro t e x t  and a f l a g  
b y t e  t o  i n d i c a t e  "macro. '' Al te rna -  
t i v e l y ,  s e p a r a t e  t rees  may be c r e a t e d  
s3  t h a t  i d e n t i c a l  keys  may be used a s  
macro and l a b e l  names. L a t e r ,  when a 
l a b e l  . o r  macro i s  used ,  i t  may be 
looked  up i n  t h e  tree t o  f i n d  i t s  
c o r r e s p o n d i n g  v a l u e s .  

The TREE o p e r a t i o n  a l l o c a t e s  space  
f o r  t h e  t r ee  i n  t h e  FASL Globa l  Area 
(where code f o r  colon-words i s  
p l a c e d ) .  Another  o p e r a t i o n ,  TREEINIT, 
i s  provided  t o  i n i t i a l i z e  trees i n  
s p a c e  t h a t  t h e  FASL u s e r  h a s  a l l o c a t e d  
(e .g . ,  i n  FUNCTIONAL Cybloks t h e r e  i s  
a minimum of 256K b y t e s  of  "Pub l i c  
Memory" which i s  accessed  through 
'Windows," and i s  n o t  p a r t  o f  t h e  FASL 
Globa l  Area). The TREEINIT o p e r a t i o n  
is o f t e n  used  i n  t h e  Loca l  Area ( s p a c e  
a l l o c a t e d  on t h e  Re tu rn  S t a c k )  o r  i n  
P u b l i c  Memory. 
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The D e l e t i o n  Algori thm f o r  FASL Trees 

A d e l e t i o n  a l g o r i t h m  for  b i n a r y  
t r e e s ,  and t h e  s t e p s  r e q u i r e d  t o  adap t  
t h i s  a l g o r i t h m  t o  ba lanced  t r e e s  a r e  
provided by Knuth (The Art of Computer 
Programming, Vol .  3 ,  S e c t i o n s  6 . 2 . 2  
and 6 . 2 . 3 ) .  The d e t a i l s  of t h e  bal-  
anced t r e e  d e l e t i o n  a l g o r i t h m  a r e  
p re sen ted  h e r e ,  but f i r s t  a review of 
b i n a r y  t r e e  d e l e t i o n .  

D e l e t i n g  a node from a b ina ry  tree 
may be decomposed i n t o  fou r  c a s e s  
( see  F i g u r e  2 ) .  C a l l  t h i s  node "X". 
I n  t h e  f i r s t  two c a s e s  one of  t h e  
l i n k s  of X i s  n u l l ,  t h e  o t h e r  l i n k  i s  
a "don ' t  c a r e "  ( i . e . ,  a p o i n t e r  o r  
n u l l ) .  I n  bo th  c a s e s  t h e  o t h e r  l i n k  
s i m p l y  r e p l a c e s  the  l i n k  p o i n t i n g  t o  
X .  I n  c a s e  t h r e e  t h e  r i g h t  son of X 
has  a n u l l  l e f t  l i n k .  I n  t h i s  c a s e  
t h e  l e f t  l i n k  of X r e p l a c e s  t h e  l e f t  
l i n k  of i t s  r i g h t  s o n ,  and t h e  r i g h t  
l i n k  of X r e p l a c e s  t h e  l i n k  p o i n t i n g  
t o  X. I n  c a s e  f o u r  t h e  symmetric 
successo r  of  X must be found. T h i s  i s  
done by fo l lowing  l e f t  l i n k s  s t a r t i n g  
w i t h  t h e  r i g h t  son of X u n t i l  a n u l l  
l i n k  i s  encoun te red .  The l e f t  l i n k  
of t h e  f a t h e r  of t h e  symmetric SGC- 

c e s s o r  is r e p l a c e d  by t h e  r i g h t  l i n k  
of t h e  symmetric successo r .  The l e f t  
and r i g h t  l i n k s  of t h e  symmetric 
successo r  are r e p l a c e d  by t h e  respec-  
t i v e  l i n k s  of X ,  and the  l i n k  which 
p o i n t s  t o  X i s  r ep laced  by a p o i n t e r  
t o  t h e  symmetric successo r .  

I n  a l l  cases t h e  e s s e n t i a l  l e f t -  
t o - r i g h t  o r d e r  of t h e  nodes is pre-  
s e rved .  The d e l e t e d  node is i n s e r t e d  
i n  t h e  f r e e  nodes l i s t ,  and t h e  algo-  
r i t h m  t e r m i n a t e s .  

A l l  t h a t  i s  r e q u i r e d  ( ! )  t o  a d a p t  
t h i s  a l g o r i t h m  t o  ba lanced  trees i s  
t o  i n s u r e  t h a t  t h e  ba l ance  is  main- 
t a i n e d  a f t e r  t h e  d e l e t i o n .  An impor- 
t a n t  o b s e r v a t i o n  is  t h a t  t h e  e f f e c t  
of d e l e t i o n  on t h e  b i n a r y  t r ee  i s  t o  
reduce the  l e n g t h  of a s i n g l e  p a t h  
through t h e  t r ee  by one. 

This p a t h  beg ins  a t  t h e  head,  and 
ends  i n  c a s e s  one and two w i t h  the  
node which re- p laced  X ( i . e . ,  t h e  
node which i s  po in ted  t o  by t h e  l i n k  
which used t o  p o i n t  t o  X ) .  I n  c a s e s  
t h r e e  and f o u r  t h e  pa th  ends  w i t h  t h e  
node which used t o  be t h e  r i g h t  s o n  
of t h e  symmetric s u c c e s s o r  of X .  
(Note t h a t  t h e  ending  node may ac tu -  
a l l y  be n u l l . )  

I : C U R i  I 
T R E E  DELETE O L I  - 

*I. --_._ 

The p a t h  may be r e p r e s e n t e d  as a 
l i s t  of  p a i r s  

where each  N. j i s  a node a d d r e s s ,  and 
each  f . j  i s  a d i r e c t i o n  (-1 l e f t ,  +1 
r i g h t ) .  N . 0  is t h e  head node, f . 0  i s  
t h e  +1 (s ince  t h e  " r i g h t  l i n k "  of  t h e  
head node p o i n t s  t o  t h e  r o o t ) .  The 
p a i r  ( N . i  , f . i )  i s  t h e  end node minus 
one, and i d e n t i f i e s  t h e  end node of 
t h e  p a t h  (which, a g a i n ,  may be null). 
Rebalancing may be r e q u i r e d  a t  each  
node i n  t h e  p a t h ,  s t a r t i n g  w i t h  node 
( N . i  , f . i ) ,  working backwards. T h i s  
i s  i n  c o n t r a s t  t o  i n s e r t i o n  where re- 
ba lanc ing  i s  r e q u i r e d  f o r ,  a t  most ,  
one node. 
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Adapt ing  t h e  d e l e t i o n  a l g o r i t h m  
f o r  b i n a r y  t r e e s  t o  ba lanced  trees 
r e q u i r e s  t h a t  a s  t h e  t r ee  i s  s e a r c h e d  
f o r  t h e  node t o  be d e l e t e d  (and f o r  
i t s  symmetric s u c c e s s o r  i n  cases t h r e e  
and f o u r ) ,  a l i s t  of p a i r s  d e s c r i b i n g  
t h e  pa th  i s  c r e a t e d .  Once t h e  node 
i s  d e l e t e d ,  nodes a re  r e b a l a n c e d  back 
a l o n g  t h e  p a t h  u n t i l  a t e r m i n a t i o n  
c o n d i t i o n  i s  r e a c h e d . .  

The p a t h  i s  c o n s t r u c t e d  on a n  
a u x i  1 i a r y  s t a c k .  The o p e r a t i o n s  
"Push(x,y)" t o  push a p a i r ,  "Pop(x ,y)"  
t o  pop a p a i r ,  and "Top(x ,y)"  t o  r ead  
t h e  top  p a i r  w i t h o u t  popping a re  used ,  
a s  we l l  as t h e  c a p a b i l i t y  of s a v i n g  
and r e s t o r i n g  t h e  p a t h  s t a c k  p o i n t e r .  

Using t h e  n o t a t i o n  "Link(-1 , M)" 
f o r  l e f t  l i n k  of node M ,  "L ink(1  , M ) "  
f o r  r i g h t  l i n k  o f  node M ,  "Bal(M)" 
f o r  t h e  b a l a n c e  f a c t o r  of node M ,  and 
"Key(M)" f o r  t h e  key of node M ,  t h e  
f o l l o w i n g  i s  a d e t a i l e d  a l g o r i t h m  f o r  
d e l e t i n g  t h e  node w i t h  key K i n  a 
ba lanced  t ree .  

( 1 )  I n i t i a l i z e  l o c a l  p a t h  s t a c k .  
Push(HEAD , +1) .  
S e t  X t o  L i n k ( + l  , HEAD). 

( 2 )  I f  K i s  less  t h a n  Key(X), go t o  
( 3 )  moving l e f t .  
I f  K i s  g r e a t e r  t h a n  Key(X), go 
t o  ( 4 )  moving r i g h t .  
Otherwise  go  t o  ( 5 ) ,  key is 
found . 

( 3 )  I f  Link(-1 , X)  i s  0,  go  t o  
( l l ) ,  key i s  n o t  i n  tree. 
Otherwise  Push (X , -l), se t  X 
t o  Link(-1 , X ) ,  and go t o  ( 2 ) ,  
keep  s e a r c h i n g .  

( 4 )  I f  L i n k ( 1  , X) i s  0 ,  go t o  (11) 
key  is  not i n  tree. 
Othe rwise  Push(X , 1), set  X t o  
L ink(1  , X), and go  t o  (Z), keep  
s e a r c h i n g .  

( 5 )  There  are  f o u r  cases: 

Link(1  , X )  = 0 ; 
Top(N.k , f . k ) .  
S e t  L i n k ( f . k  , N.k) 
Link(-1 , X ) .  
Go t o  ( 7 )  t o  r e b a l a n c e .  

Link(-1 , X )  = 0 ; 
Top(N.k , f . k ) .  
S e t  L ink ( f .k  , N.k) 
L ink(1  , X ) .  
Go t o  ( 7 )  t o  r e b a l a n c e .  

t o  

to 

Link(-1 , Link(1  , X ) )  = 0 ; 
Top(N.k , f . k ) .  
S e t  Link(-1 , Link(1  , X ) )  
t o  Link(-1 , X) . 
S e t  L i n k ( f . k  , N.k) t o  
L ink(1  , X ) .  
S e t  Ba l (L ink(1  , X ) )  t o  
Bal (X) .  
Go t o  ( 7 )  t o  r e b a l a n c e .  

Otherwise  ; Push(X , l ) ,  se t  
2 t o  L i n k ( 1  , X ) .  
Save p a t h  s t a c k  p o i n t e r  i n  
PSP. 
Go t o  ( 6 )  t o  f i n d  symmetric 
s u c c e s s o r .  

( 6 )  Push ( 2  , -1 ) .  
S e t  Z to Link(-1 , 2).  
Re p e a t  t h i s  s t e p  u n t i l  
Link(-1 , Z) = 0. 
F i n a l l y ,  Top(N.k , f . k ) .  
S e t  Link(-1 , N.k) t o  
L ink(1  , Z ) .  
S e t  Link(-1 , Z )  t o  Link(-1 , X ) .  
S e t  L ink(  1 , Z )  t o  Link(  1 , X) . 
Now swap PSP and t h e  p a t h  s t a c k  
p o i n t e r .  
Pop(N.k , f - k )  , 
Top(N.k , f - k ) ,  Push(Z , l ) ,  
s u b s t i  t u t  i n g  t h e  symmetric 
s u c c e s s o r  f o r  t h e  d e l e t e d  node 
on t h e  p a t h  s t a c k .  
Swap PSP and t h e  p a t h  s t a c k  
p o i n t e r  a g a i n  to  restore. 
S e t  L i n k ( f . k  , N.k) t o  Z .  
S e t  B a l ( Z )  to  Bal(X).  
Go t o  ( 7 )  t o  rebalance. 
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( 7 )  I n s e r t  X i n t o  t h e  f r e e  nodes 
l i s t .  

The a lgo r i thm proceeds a s  fo l lows  
beginning w i t h  t he  l a s t  p a i r  of t h e  
pa th :  

(8)  Pop(N.k , f . k ) .  
I f  N.k = HEAD, s e t  Height(HEAD) 
t o  Height (HEAD)- 1 dec reas ing  t h e  
he igh t  of t h e  t r e e ,  and go t o  
(11) t e rmina t ing  t h e  a lgor i thm.  
Otherwise go t o  ( 9 ) .  

( 9 )  There a r e  t h r e e  c a s e s  based on 
t h e  ba lance  f a c t o r :  

(9a )  Bal(N.k) = 0 ; S e t  Bal(N.k) 
t o  - f . k ,  and go t o  (11) 
t e rmina t ing  t h e  a lgor i thm.  

(9b)  Bal(N.k) = f . k  ; S e t  
Bal(N.k) t o  0, and go t o  (8) 
t ak ing  one more s t e p  back 
a long  t h e  pa th .  

( 9 c )  Bal(N.k) = -f.k ; 
Rebalancing i s  r equ i r ed ,  go 
to (10). 

(10) There a r e  a g a i n  t h r e e  cases. 
(Refe r r ing  t o  F igu res  3,  4 ,  and 
5 ,  A is  N.k, a i s  t h e  s u b t r e e  
con ta in ing  t h e  p a t h  t h e  a lgo r i thm 
has  been fo l lowing ,  B i s  t h e  node 
poin ted  t o  by t h e  oppos i t e  l i n k  
from t h e  l i n k  which p o i n t s  t o  
a, Link(-f.k , N.k)): 

Bal(A) = Bal(B) (F igu re  3) ;  
S e t  Bal(A) and Bal(B) t o  0. 
( s i n g l e  r o t a t i o n )  - 
S e t  Link(-f.k , A) t o  
Link(f .k  , B). 
S e t  Link( f .k  , B) t o  A. 
Top(N.k , f . k ) ,  set Link(f .k  
, N.k) t o  B. 
Go t o  (8) t a k i n g  one more 
s t e p  back a long  t h e  pa th .  

Bal(A) = -Bal(B) 
(F igu re  4 ) ;  I f  B a l ( X )  
Bal(A), then  se t  Bal(A) t o  

-Bal(X) and Bal(B) t o  0. 
Otherwise set Bel(A) t o  0 
and Bal(B) t o  -Bal(X). 
S e t  Bal(X) t o  0. 
(double r o t a t i o n )  - 
S e t  Link(-f.k , A)  t o  
Link(f .k  , X). 
S e t  Link( f .k  , X) t o  A. 
S e t  Link(-f.k , B) t o  
Link(-f.k , X). 
S e t  Link(-f.k , X) t o  B. 
Top(N.k , f . k ) ,  se t  Link(f .k  

Go t o  (8) t a k i n g  one more 
s t e p  back along t h e  path.  

, N.k) t o  X. 
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